CHAPTER XI

VARTATIONAL PRINCIPLES OF MECHANICS

§ |. Variation without the variation of time. In this paragraph we
shall give certain information from the calculus of variations necessary
for the understanding of what follows.

Variation of a function. Let us take under consideration the motion
of a point along the x axis, defined by the function

x = x(t) (et < ty). (1)

Let there be given a function
T=F(x, x,t) (2)

continuous and having continuous partial derivatives of the first and
second orders in a certain region D of the variables z, a-, ¢.

Let us next take under consideration an arbitrary motion along the
x-axis, defined by the function

x = x(1) (ty < t<t). (3)

Let us assume that it is possible to choose a number ¢ > 0 such
that if

Ix(t) —=(t)] <& |x(t)—a(t)] < (ly =t t), (4)

then the function 7" and its partial derivatives will be continuous functions
in the interval {¢,, t,> when x(¢) and x*(¢) are substituted in (2) for  and
2, respectively.
Let us put:
0r = x —x, O — X* — 2", (5)
where x and x denote the functions x(t) and x(¢). Consequently dx and dx-
are functions of the time ¢, defined in the interval (¢, ¢,>.

One should note the difference in the meaning of the symbol dr in chapters
IX, X and now. Before, the symbol dx denoted a number, and now it denotes a
function of the time ¢,
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By (5) we have:

d(dx) '
=g W
x =t bs, =} o Q

Let
T = F(x,x,t)= Fx 4+ dx, x| oz, 1),
where & denotes the function (1), and dx is defined by (5). From Taylor’s
formula we get
T—T = Fx -+ o, + du, t) — Flz, 2, t) =

oT oT
= w o S . 7
aggéx#—am'éx—kli (7)
The remainder R can be written in the form
R = ([ox] + [ox]) n, (8)

where 7 is a function of the time ¢ and depends on , dz, 8z, and where n

tends to zero uniformly when the functions dx and dz tend to zero

uniformly. Thevefore, if |dx| and x| are small, then || is small, and

consequently |R| is of a still higher order of smaliness. We express this

briefly by saying that R is “infinitesimal” as compared with |dx| + [62|.
Let us put

o T
0T = b 4 = = da, (II)
Hence by (7)
T— 17— 6T | R. )

The expression 87 is called the wariation of the function T =
== F(x, @, t) at the place @ = a(t) or for the function x = x(t).

In formula (IT) the function 6z is an arbitrary function of time
having continuous first and second derivatives in the interval Lty B>
This follows from (5), where x is an arbitrary function having continuous
first and second derivatives. In virtue of (I) the symbol dx* denotes the
derivative of the function dx with respect to the time ¢.

The variation 07 therefore depends on the functions z and dx.

For purposes of differentiation we shall call éz the variation of the
independent variable (or of the function) x, and 8T the variation of the
dependent variable (or of the function) T.

The motion x = x(f) = & + dx, will be called a comparative motion.

The variation 67T therefore donotes approximately the increment of
thefunction 7'when we pass from a point in the given motion at themoment ¢
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to a point in the comparative motion at the same moment ¢. In virtue of (8)
the difference B between the variation 67 and the true increment
T — T is “intinitesimal” as compared with the sum |éz| + |ox-|.

Since we are investigating the increment of the function 7' in the given mo-
tion and in the comparative motion at the same instant ¢, the variation 67" is also

called the variation without the variation of time in order to differentiate it from ano-
ther kind of variation with which we shall meet later.

The variation 67" is obtained by forming formally the differential of the
function F(x, x-, t) under the assumption that ¢ = const (i. e. dt = 0) and

then writing J instead of d. We often write dF(z, x-, t) instead of 6T or
briefly éF.

Example |, Let
T = oa? 4 St + 12,
where «, §, y, are constants. We have:

oT
'—a‘; = 2/3% t,

— = 2«ux,

ox

consequently by (II)
0T = 20x 6x + 202t bz,

where dx is an arbitrary function.
Variation of an integral. Let us consider the integral
t,
I= [Fz,x,t)ds (10)

and let g
I = [F(x 4 éx, x 4 ', t) dt.

to

We have
tl
I —1 = [[F(x + ox,x + o, t) — F(x, &, t)] dt,
th

and hence by (7) and (II)

ty £
I —1 = [oF dt + [Rd. (11)
to te
The expression
t
[OF dt

to
is called the variation of the integral (10) and we denote it by 41.
Therefore according to the definition

i 1
oI = 8[F dt = [oF at. (IIT)
ty 2



[§1] Variation without the variation of tims 507

As before, the variation of the integral (10) represents approximately
the increment of the integral when we pass from a given motion to a
comparative motion. The difference between the true increment and the
variation 61 is “infinitesimal” in comparison with |dx| + |éz|.

Variation of a derivative. Let the function

= 9(q, 1) (12)
be given.
Let us assume that ¢ is a certain function of the time ¢; hence
q = q(t) (G <t <1t). (13)

Regarding q in formula (12) as an independent variable function, we
obtain for the variation of the dependent variable =

dx = — dq, (14)

where dq denotes an arbitrary function continuous together with its first
and second derivatives in the interval (¢, £,>.
Let us form the derivative of (12). We get

ox ox

= %q + R

the variation dx* of this function is therefore
ox ox’

From (12) we see that the derivatives dz |/ ¢ and déx | 6t do not de-
pend on ¢*, because x does not depend on ¢'. Hence we obtain

0% 0%
5w=(37!2q +aqat)5 + 5 (15)
Forming the derivative of (14) with respect to ¢, we get
d 0% 0%
"&i("x):(a?q + 3 at) q+ aq
whence by (15)
. _ d(é=)
dx = T (186)

Comparing (16) with formula (I) we see that both formulae have the
same form. The difference lies in the fact that in formula (I) z is an inde-
pendent variable and in (16) it is a dependent variable.

Formula (I) holds, therefore, regardless of whether « is a dependent
or independent variable. It follows from this that the variation is inter-
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changeable with the derivative, i. e. we obtain the same result by first for-
ming the variation and then taking the derivative or conversely.

Variation of a compound function. Lot the functions:

T = F(x, x, ), (17)
= D(q, t) (18)
be given.
Let us assume that ¢ is a funetion of the variable ¢:
q = q(f) (o=t t). (19)
Forming the derivative of (18), we obtain
ox ox ‘
— ——, . 2
5 + (20)

Substituting in (17) for x and «* their values from (18) and (20), we
obtain 7' as a function of the variables ¢, ¢-, ¢, i. e.

and hence as its variation
ol oT
. 22
O = 4 01 + 5,00 (22)

From the theorem on the derivative of a compound function we
obtain:
or oT'ox 0T ox ol oT'ox | oT ox

W wig way ir wog | oweg 23)
and by (18):
ox
b, 2
T 0. (24)

Substituting (24) in (23) and then in (22), we obtain

ol ox oT ox oT oz
oT = (ax 7 aw aq) L

oT [ ox ox:
:%@)+”( +w)

It is easy to verify that the expressions in the last two parentheses
are variations of the functions (18) and (20), and therefore equal to éz and
oz, Congequently

ol oT
2 Ly 25
oT P 6x+8x' o, (25)
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Formula (25) represents the variation of the compound function (21),
where dx and dx- denote the variations of the functions (18) and (20). Let
us note that (25) also represents the variation of function (17). We see
from this that formula (25), i. e. formula (IT), p. 505, holds regardless of
whether x is the dependent or independent variable function.

Similarly, when ¢ = const, the formula for the differential

holds regardless of whether # and x* are dependent variables or not.
Let us note that dz- in formula (25) is by (16) the derivative of dx.

Systems of points. Let us now define the variation in the case of a
system of points.
Let there be given a system of n material points
Al(xl’ Y1 21), R An(xm Y zn)
Let us consider an arbitrary motion of the system (compatible with
constraints or not) defined by the functions:

xy=x,(f), ¥y = yi(l), z;==2,(), Lot 4y, 1=1,2,..,n). (26)
Let the function
T = F@y, o @y Yy ooy Yo Z1s o oos By sy ooy Ty Yooy YinZiy o s 2s ) (27)
be given.

The variation of function (27) for a motion defined by functions (26) is
given by the expression

or or or
o = 7oyt + b+ 5 6y1+...+~a—6yn+
o o
+a—61+ Saal - 02 + 6x1+ +~—xax+ 6y1+ S+
or or
+a—y~_ay;¢+” oz + .. +—az (28)

which we write more compact]y as
ol
ol = Z 6x + 6y, + 8 2 —|— 690 —|— 5‘/@ 4+ — P 62;), (IV)

where dz;, 6yi, dz,; are arbitrary functions continuous together with their
tirst and second derivatives in the interval (t,, ¢,>, where

d

d d - ;
dt(éx) = dx;, a(éyi) = dy;, a—i(ézi) =dz; (=012, ...,n).(V)
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The derivatives 61" | dx,, ..., T | ¢z, are partial derivatives of the
functions (27), in which for ,, ..., z;, are substituted the corresponding
functions (26) and their derivatives.

As before, the variation 07" denotes approximately the increment of
the function 7' when we pass from the position of the system at the mo-
ment ¢ in the given motion, to the position of the system at the same
moment ¢ in the comparative motion:

X; =a; + 0x;, ¥Y; =y, + Oy, 2, = 2, + Oz, (e =12,...,n)
The difference between the true increment and the variation is — as
is easily seen —— “infinitesimal” in comparison with the sum

n

202, + [0y + [0z + |6x; + |0yi| + |62:)).

i=1
Let us note that the variation 67 is obtained by forming the differen-
tial of the function 7' under the assumption that ¢ = const (i. e. for
df = 0) and then writing ¢ instead of d.
Let there now be given an integral

t
I=[Td (29)
to

where 7' denotes the function (27).
The variation of the integral (29) for a motion defined by (26) is given
by the expression '

t
oI = [oT dt. (30)
fo
Therefore
t t
ofT dt = [oT dt. (VI)
to to

Example 2. Determine the variation of the kinetic energy

E = %Zmi(xf + y2 + z2).

i=1

We have:

oF ok oF o . oF . OF .

AT = 0) = 0’ AT = 01 — = M - = myY;, — = mgz;,

ox; 0y 0z; ox; Yi 0z
consequently

O0F = Zm,(x; 0x; + y; Oy; + z; 0z}).

Example 3. Determine the variation of the function VT, where 7'
is a function defined by formula (27).
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Forming the differential under the assumption that ¢ = const, we
have

d)T = 3dT |JT, whence o|T = 36T /|/T.

Let us assume that the natural coordinates x,, Y15 B+ or Ly Y, 2y BT
defined in terms of the parameters g, ..., q;, by means of the functions:

;= filqy, - Qs ), Yi=@qus s Qi B), 2 = Yilqu o0 Qs )

G=1,2 .., n) (31)

We do not assume that the parameters are dependent nor that
they are independent. Let

@ =q:(t), ..., qp = q(}) GB=t<1t) (32)

be arbitrary functions continuous together with their first and second
derivatives in the interval {,, ¢,>. The functions (32) together with (33)
define a certain motion of the system which may be compatible with the
constraints or not. Differentiating (31), we obtain
. Omg ox; . Ox

xi_a_qlq1+"'+a_q;,Qk+Tt’ (33)
and similar formulae for y; and z;. Let us substitute functions (31)
for &;, y;, z;, in (27), and functions (33) for x;, ¥;, z;. We obtain 7' in the
form of a function of the variables q,, ..., q;, P A

T=Fqy, i s Gy t). (34)
Proceeding as in the proof of the theorem on the variation of a com-
pound function (vide formula (25), p. 508), it can be shown that the
variation of function (34) is also expressed byf ormula (28) or (1V), where
ox;, Oy,, 0z;, are the variations of the functions (31), and dz;, dy;, dz;, the
variations of functions (33) and of analogous ones for Yi, 2.
Moreover, as in the proof of the theorem on the variation of a derivat-
ive (vide formula (16), p. 507) it can be proved that formulae (V), in which
%, Y, 2, denote functions (31), will hold.

Let us form the variations of functions (31). We obtain:

ox; ox; oy, 0Y;
0xy = —1 6 coo + == bqp, Oy, = == 0 voo -+ 22 Oy,
xl aql Q1+ +aqk Qk y aql Q1+ +aqk Qk (35)
0z; 07;
02y = =0 oo = dq;.
aql QI—{— +aq1 qk

Comparing (35) with formulae (IIT), p. 473, defining the virtual
displacements, we see that they have the same formal appearance.
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§ 2. Hamilton’s principle. Actual motion. Let the forces Py, ..., P,
act on the points A (%, Y1, 21), -+ A (0, Y, 22), of a system of n material
points. Let us assume that the system is holonomic (without friction) and
that the constraints are bilateral, defined by the relations:

Fi(xy, i, 215 oy %y 1) = 0 (j=1,2,...,m). (1)

Let us consider an arbitrary system of functions

Xy = xi(t)’ Yi = yi(t)y Ry = zz(t) (7’ = 17 2’ e ’ﬂ) (2)
continuous together with their first and second derivatives in the interval
{ty, t,>. Functions (2) define a certain motion of the system.

If equations (1) are satisfied at each moment ¢ when functions (2) are
substituted for x,, ..., z,, then we say that functions (2) define the motion
of the system compatible with the constraints or a possible motion.

The motion of the system which will actually take place under the
action of the forces Py, ..., P, is called the actual motion.

There can be a variety of actual motions, because this depends on
the initial conditions.

Obviously an actual motion is always possible, because it satisfies
relations (1). Conversely, however, not every possible motion is an actual
motion. '

For example, if a heavy point is constrained to remain constantly on
a vertical line I (without friction), then the actual motion is a motion in which the
acceleration ig directed vertically downwards and equal in magnitude to the gravi-
tational acceleration. On the other hand, a motion compatible with the constraints
is every motion in which the point remains on the line I, in particular, a uniform
motion as well as a motion in which the accoleration is not constant; these motions
are obviously not actual motions.

From d’Alembert’s principle it follows that among motions com-
patible with the constraints, only that motion is actual which satisties at
every moment the equation (II'), p. 475:

Z[(sz*ﬁ m;) 0%; + (Piy_n"iy';}.) oy; + (£i, — mz;) dz;] = 0, (3)
i=1

where dx;, dy,, 0z,, are virtual displacements.

D’Alembert’s principle therefore expresses a characteristic property of
actual motions, distinguishing them from all motions compatible with the
constraints.

Similarly, the equations of Lagrange (p. 481 and 486) and of Hamilton
(p. 499) distinguish the actual motions from the set of all possible motions

compatible with the constraints. However, in this chapter we shall meet
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with still other characteristic properties of actual motions expressed by
means of integrals and variations. They are the so-called integral variational
principles.

Comparative motlon. Let us consider an arbitrary motion of a system
compatible with the constraints, defined by functions (2), as well as the
comparative motion:

x4 Oy, yi 4 Oys, 2, + 02y (1=1,2,...,n). (4)

Let us choose the variations dx;, 8y,, 6z,, so that the variations of the
- funections (1) for the given motion (2) are zero:

oF oF .
6F,:é;1-’6x1+...+~a—£—’6z”=0 (G=1,2,..,m). (b)

Comparing equations (5) with equations (I), p. 471, we see that dx,,
dyi, 62;, are at each moment the virtual displacements of the systen.
If dx;, dy;, 02, are very small, then from (5) it follows that approxim-
ately
Fijxy + 6y, ...z, + 02,,8) = 0 G=12,...,m), (6)

i.e. that the comparative motion is approximately a motion compatible
with the constraints. We express this by saying that the comparative
motion (4) is compatible with the constraints for “infinitesimal” varia-
tions of dx;, dy,, dz;, satisfying equations (5) (cf. p. 428).

Let us assume that the natural coordinates are defined in terms of the
parameters ¢, ..., g5, by the functions:

Ty == fi(qlt e G t)’ :{/L = %‘((11, ey Qk: t)’ 2y == ’l/’£KQ1> ey qk! t) (7)
(t=1,2..,n).

Let us further assume that the parameters defining the position of the
system compatible with the constraints must satisfy the relations:

Dy, oG t) =10 (r=1,2,..,8). (8)

Let us consider an arbitrary system of functions continuous together
with their first and second derivatives in the interval (¢, ,):

a4, = ‘Yl(t)a cen G = qk(t) (tO ,—<: t :<: tl) (9)

Let us assume, finally, that functions (8) become identically equal to
zero when functions (9) are substituted for ¢4, ..., q,.

Under these assumptions, substituting functions (9) in functions (7),
we obtain functions of the time ¢ defining a motion compatible with the
constraints.

33
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Let us consider a comparative motion ¢; + ¢, ..., ¢ + 0g, and

choose dq,, .. ., 0q, such that for the given motion (9) the variations of the
functions (8) are equal to zero:
oP oD :
0D, = — & “8qp = 0 r==12,...,8). 10
Comparing (10) with formulae (IV), p. 473, we see that the variations
8¢y, ..., 0qy, are virtual displacements at every moment ¢.

If dqy, ..., 8¢, are very small, then by (10) we obtain approximately
D,(q9, + 0y, .., @i+ 095, 8) =0 (r=1,2,..,8). (11)

Hence motion (11) will also be approximately compatible with the
constraints. Using the same kind of expression as on p. 513, we can
therefore say thatif d¢,, ..., d¢;, are “infinitesimal” and satisfy equations
(10), then the comparative motion is compatible with the constraints.

Hamilton’s principle for natural coordinates. Let a system of n ma-
terial points A,(zy, Y1, 21), +«os An(@n, Yn, 2,), Of masses my, ..., m,, be
acted on by the forces P,,...,P,, depending on the variables z,, ...,
Zpy XYy ooy 2, L
Therefore:

Pim:Fi(xl,..., 2, xi, ey 2;,“ t), Piy téz, P,z:![jl (12)

Let us assume that the system is holonomic (without friction) and
that the constraints are bilateral. Let us consider the arbitrary func-
tions:

xg =x,(t), Yy = Yl), 2= z() (G t<t), (13)
defining the motion of a system compatible with the constraints.

The kinetic energy of motion (13) is

7
B = 32mi + g + 7). (14)
i1

Let us form the variation of the kinetic energy for the motion (13)
(cf. example 2, p. 510):

n
O = Zm(x; 6x; + y; Oy; + 2; 62;). (15)
i=1

(2

But

d(dx;)  d(xi ox,)
e dt

and similar formulae hold for y; éy; and for z; dz;. Substituting these

values in (15), we therefore get

x; 0x; = x; — x; b, (16)
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0F = d m(x; 0x; + y; Oys + 2; 02,) — Dmywy x, + yi Sy + 2 Oz,).
dt ~ Z
(17)
Let us take “
&L = E(Pix dx; + P, 0y, + P, 6z), (18)
)

where P, , Pi,, P, denote functions (12),in which for z,, ,, 2;,and X}, Y5, %55
the corresponding functions (13) and their derivatives have been substi-
tuted. From formulae (17) and (18) we obtain

6L—{-5E_gt S‘m(x ox, + y; Oy, -+ z; 0z;) +-

+ DUP;, — maxy) by + (Pi, —my;’) 8y + (P, —mgz;) 82,].  (19)
i=1
Integrating both sides from ¢, to ¢,, we obtain

s n
ltf[cS’L + 0E] dt = Zlmi(x; ox; + y; Oy + z; 0z,)|l +

th n
+ f Z[(Pz,, — mgx;') dx, + (Piy —myy;') O0y; + (Piz — mz;') dz;] dt. (20)
toi=1

The symbol ]ﬁ; here means, as usual, that at first ¢, and then ¢, are to
be substituted for ¢, and the resulting values subtracted from each other.

So far we have not used any principles of mechanics. Formula (20)
therefore holds for an arbitrary motion (compatible with the constraints
or not) defined by functions (13) if functions (12) are defined for this
motion.

Let us now assume that motion (13) is an actual motion and that the
variations 0wx;, dy,, 0z;, are virtual motions at every moment ¢.

Then from d’Alembert’s principle it follows that at every moment ¢
z[(l)zx — mgx;’) ox; + (Piy —my;’) Oy, + (Pz‘z —mgz;") 0z;] = 0. (21)
i=1

From formula (20) we obtain
t

[(6'L + 6E) dt = Zm x; 0x, + y; Oy, + % 0z;) [“ (22)

to

Let us assume, in addmon, that the system is at the same position

at ¢, and ¢, in motion (13) and in the comparative motion; i. e. that ox;,
0y, 0z, are zero for ¢t = {y and ¢ = ¢,.

Under this assumption the right side of the equality (22) becomes

zero and we obtain
ty

[(8'L + 6E) dt = o. @D

to
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Therefore: equality (1) holds for an actual motion if dx,, 8y,, 6z;, are
virtual displacements at every moment and if they are zero for t = ty and
b= t,.

This theorem is known as Hamilton’s principle.

Hamilton’s principle therefore gives a certain property of actual
motions. We shall prove that this property is characteristic, i. e. that among
the motions compatible with the constraints only actual motions satisfy
Hamilton’s principle. With this in view it is sufficient to prove that
a motion compatible with the constraints and satisfying Hamilton’s
principle also satisfies d’Alembert’s principle.

Proof. Let us assume that a motion defined by functions (13) and
compatible with the constraints satisfies Hamilton’s principle (I). If this
did not satisfy d’Alembert’s principle at a certain moment ¢’ (where
to << t' < t,), then it would be possible to find numbers éx;, oy,, 0z;,
defining the virtual displacement of the system at the moment ¢ such that

Z[(Pim —mi’) o, + (Pz',, — myi’) @z + (Piz — mzi’) 82,1 +0 (23)
=1

for t =1
Let us choose the variations §’z;, 8'y,, 0'2;, such that they define the
virtual displacement of the system at each moment ¢ and such that at the
moment ¢’
6Ixi = 5-‘,;1') 61?/1 - 8—?}:‘) 6,zi — SZ;
from this by (23)

z[(sz —m;’) 6'z; + (Pz'y —my;’) Oy, + (Pi, —mgz;) 0’z =
=A +0 ) (24)
for ¢ =1¢.
Let us suppose, for instance, that 4 > 0 for ¢t = t'. From the con-

tinuity of the motion it follows that in a certain small interval (¢, t"> A4 is
also greater than zero.

Consequently

A >0, when ¢ <t 1", (25)

A

Let () be an arbitrary function continuous together with its first and
second derivatives in the interval (t,, t,>, positive for ¢’ << ¢ << t" and zero
outside of this interval. Let us put:

O, = a(t) 0'w;, Sy, = (t) 8y, Oz, = &(t) 0z,
From this by (24) and (25)
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S &

ty 1=

L o n
[ DI(P;, —ma) o + (P; —myy;7) 8ys + (Pi, —mgz;) 62,] dt =
1

= }‘A x(t) dt = ftA x(t)dt> 0. (26)
to v

Since the variations dx,, dy,, 6z;, represent the virtual displacements
at every moment ¢ and by assumption are equal to zero at ¢ = {, and
t = t;, from formula (20) we therefore obtain by (26)

tl

[(8'L + 8E) dt > 0,

to
contrary to the assumption that the given motion satisfies Hamilton’s
prineiple.
In this manner we have proved that the principles of d’Alembert and
of Hamilton are equivalent.

Example. A heavy point of mass m is constrained to remain on the
sphere 2% 4 y? 4+ 2 — r* = 0. We have (taking the z-axis directed ver-
tically upwards):

0'L = —mg bz, OF =m(x dx + y Sy + 2z oz');

consequently by Hamilton’s principle (I), p. 5186,

t
f[—¢gdz+ a du 4 y Oy + z 2] dt = 0.
o

This formula holds for an actual motion under the assumption that
dx, 0y, 0z, are virtual displacements at every moment, i. e. that they
satisfy the equation
xox + y oy 4 20z = 0,

and, in addition, become zero at ¢ = {, and ¢t = #,.

_ Hamilton’s principle for generalized coordinates. Let the natural
coordinates be defined as functions of the parameters ¢, ..., ¢,:
Ty, = f:’(QD o t), Yo = @ldy -5 dn t), 2= 'Pi(QI’ v Grs B) (27)
(t=1,2,...,n). ,
Let us assume that the parameters defining the positions of the
system compatible with the constraints satisfy the equations

DGy, ooy G B) =0 (r=1,2,...,8) (28)
and let us consider an arbitrary actual motion of the system defined by

the functions:
¢ = ¢:(?) (t=1,2,..,k). (29)
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The variations of the functions (27) for this motion are

ox; ox;
0, = 20q; 4+ ... + 26 30
R (30)
and similarly for dy,; and dz,.
Let us further assume that d¢; are virtual displacements at every

moment ¢, i. e. that they satisfy equations (IV), p. 473:

oD 0D,
— oqr = 0 r=12...3); 31
- S 00 ( NI
consequently dx;, dy;, 0z;, are also virtual displacements (p- 473).

oy + ... +

Finally, let us assume that dq, are zero for { — toand ¢ = t;; from (30)
it follows that dx;, 8y, dz;, will also be zero for ¢ — toand ¢t = ¢,. Since the
variation is interchangeable with the derivative (p. 507), the variations
of the first derivatives of the functions (27), i. e. dx;, dy;, Oz;, are equal
to the derivatives of the functions ox,, 0y;, 0z,

In virtue of (15), p. 514, and (18), p. 515, we can write Hamilton’s
principle (I), p. 515, in the form:

ton n

f[Z(Pix dx, + Piy Oy, + Py, 0z;) + Zmi(x; 0x; + y; Oy; + z; d2;)] dt = 0,
ty i1 i—1 (32)
where x,,v,,7%;, are functions defining the actual motion; dx;,, oy,, 0z;, are
the virtual displacements at every moment, assuming the value zero at
t = tyand ¢ = ¢,; and dz;, dy;, dz;, are derivatives of the functions 0x;, 0y,,
0z;. As follows from the considerations of example 3, p. 510, equation (32)
will also be satisfied if we assume that the functions Xy, Y, 24 given by the
formulae (27) and (29), define the actual motion, while dx; and dx; are the
variations of the functions (27) and their derivatives, whore dq; are virtual
displacements equal to zero for t = ¢, and t — t.

Under these assumptions we have ((4), p. 483)
n n
0L = Z(sz ox,; -+ Piy dy: + Piz 0z;) = ZQ} 0q;, (33)
i1 i=1

where ¢, denote the components of the generalized force. Moreover, from
the theorem on the variation of a compound function (p. 508) we have

2ma; 0x; + y; dy; + 2; 0z;) — O(FDmx® + yi? + 2%) = 0K, (34)
i=1 =1

where the functions ,, y,, z;, are given by formulae (27) and (29) defining
the actual motion, dx;, dy;, 0z; are the variations of the derivatives of
the functions (27), and ¥ the kinetic energy expressed in terms of the
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parameters ¢y, ..., 5. By (32), (33) and (34) Hamilton’s principle can there-
fore be written in the form (I), p. 515, where 6'L is defined by formula (33)
and the kinetic energy F is expressed in terms of the generalized coordin-
ates ¢4, ..., %

Therefore: Hamilton’s principle also holds for generalized coordinates
under the assumption that dq, are virtual displacements equal to zero for
t =1, and t =1t,.

Hamilton’s principle in a potential field. Let us assume that a system
of forces has a potential V. Consequently ((1), p. 434)

8L = oV, (35)

From Hamilton’s principle we therefore obtain

ty ty 12

[[6V + 0E]dt =0 or [6(V + E)dt = é[(V + E)dt = 0.
to to to

The expression W = E -+ V was called the kinetic potential (p. 488).
Hence

ty
Sf W dt = 0. (I1)
to

Therefore: the variation of the integral of the kinetic potential is equal
to zero for an actual motion if the variations dx;, 8y;, 02;, represent the virtual
displacement of the system at every moment and if they are equal to zero at
t=tyandt =1,

Formula (35) holds for generalized coordinates (cf. (39), 463). Since
Hamilton’s principle also holds for generalized coordinates, (II) is satisfied
for an actual motion under the assumption that the kinetic potential W is
expressed in terms of the parameters ¢,, ..., gy, and the variation was
formed for an actual motion, where dq, are virtual displacements equal to
zero at t = #, and ¢ = {,. :

Holonomo-scleronomic systems in a potential field. Let a holonomo-
scleronomic system be given in which the forces have a potential

V = V(ay, ..., 2,). (36)
Let us assume that the motion of a system defined by the functions:
g = ay(t), ¥i = Yil), m=alt) G Sttt =1,2,..,n0) (37)

is an actual motion for which the kinetic energy in <{f,, t;> does not vanish,
i.e.: :
E 40 for t,<<t<t,. (38)
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By Hamilton’s principle (I), p. 515, and (35) we have
t

O
f[i=1 (%l 0x; -+ %, Oy: + £ 52;)] dé +
t

°
[

+ f [ .};‘lmi(x; ox; -+ y; oy; -+ 2 6z;)],dt =0, (39)

where dz;, dy;, 0z;, are the virtual displacements at every moment and are
equal to zero at ¢t = t, and ¢ = #,. Let
1 t = J(7) (h=1= 1) (40)
be an arbitrary function of the variable 7, continuous together with its
first and second derivatives in the interval (v, 7,y and satistying the
conditions:
Hro) =t Iry) =1, ¥'(r) <0 (TS 7 < 7), (41)
where ¢’ denotes the derivative with respect to 7. Substituting (40) in (37),
we obtain:
T = 2 0(1)) = &), yi = nulx), 2= ilz), (42)
(oL 1< v 10=1,2,...,n).
Functions (42) represent the parametric equations of the path of
the points of the system in terms of the parameter 7.
Denoting by x;, y;, %, the derivatives of tho functions (42), and by
t' the derivative of function (40) with respect to the parameter 1, we
obtain:

X = x; /v, Y; = ?,’: [t 2 = Z; /¥, (43)
whence for the kinetic energy
d ) Lomg(w? - a2 - g2
B o= 3 2my@® 4y + 22 - e )
=1 fe=] .

From the principle of conservation of total energy we have
B —V =h, where & == const, (45)
whence by (44)

\/gzmxx;z VRS (46)

t/ - =1 o .
h -V

Formula (46) holds, because by (45) b -+ V = E and by (38) & =£ 0.

Let us assume that the coordinates ,, Ys» 2;, appearing in V (ct. for-

mula (36)) are expressed in formula (46) by functions (42). In virtue of (40)
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the variations dx;, dy,, 6z;, which are functions of the variable t, can be
regarded as functions of the variable 7.

Denoting by dz;, dy;, 6, the derivatives with respect to 7, we obtain:

0wy Oxl [, Oy, = Oyl /t, Oz — oz [ 1. (47)

Expressing the variable ¢ in (39) in terms of 7 by means of function
(40), we get by (41), (43), and (47),

. Ty

X (ov ov o
/12 (a“ T, ‘5)] pdet
1

s

where x;, y,, z,, 0;, dy,, dz,, are functions of the variable 7. Formula (48)
can be written in the form

( 6&;7;‘:} ?:,m‘z(s.l/i + 2 62")] t'dr = 0, (48)

7y

f[éV St .il,_ é %Zm,(x;? + ¥z 4 z;z)] dr =0, (49)
1=}

where the concept of variation is to be understood as before, but now =
appears instead of ¢. Substituting (46) in (49), we obtain
¢ 6V / a 75 7 N
S e s B)ae s
i J 0T + g+ 2) ] o %
S e e o

It is easy to verify that the integrand is equal to the variation of

%UﬂWVQwﬁ+W+m}
G==1

T

&

whence by (50)

T1

n
) f[l/}???]/ Smy(aE -y zgz)] dr = 0. (T)
=1
From the assumptions concerning oz, dy;, dz,, it follows that formula
(I) holds for arbitrary functions dz,, 8y, 0z;, of the parameter 7, which for
every value 7 are the virtual displacements in the position of the system
defined by functions (42), and which are zero for 7 — 7, and 7 = 1,.
The variation is formed for the functions (42), which dofine the path of
the points of the system in an actual motion,
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Since the time ¢ does not appear in formula (I), this formula expres-
ses a certain property of the paths of the actual motion.

In particular, let the system consist of one point z, ¥, 2, of mass m,
moving without the action of forces. Consequently V = 0. From (I) we
obtain

6[]/1;'2 +y? 4 22dr = 0.

Since the differential of arc is ds = a2 + "% + 2'2d7,

5fds = 0. (51)

Let us assume that the point is constrained to the surface S.

Curves having property (51) are the so-called geodesics. In differential
geometry it is proved that the shortest curve on a surface joining two
sufficiently close points of the geodesic is an arc of this geodesic. From
(61) it follows, therefore, that the motion of a point on a surface without
the action of forces always takes place along geodesics.

Remark. Formula (I) is usually proved more easily from the so-called principle
of Maupertuis (p. 530). However, it is then necessary to make use of certain

theorems from the calculus of variations which we do not assume to be known to
the reader.

§ 3. Variation with the variation of time. Variation of a function. Let
a motion along the z-axis be defined by the function

x = x(t) (o t=t). (1)
Let us consider an arbitrary comparative motion
x = x(f) (th=t=t) (2

where the moments ¢, and ¢, can be different from ¢, and ¢;. Let us denote
by At and arbitrary function of the time ¢, continuous together with its
first and second derivatives in the interval ({, ¢;> and satisfying the
inequality
t(l) <t+ A< t (= t=t). (3)
Finally, let
Az = x(t + At) — x(1); (I
Az is therefore a function of the time ¢ and denotes the increment of the
coordinate x, when we pass from the point 4 in the given motion at the
moment ¢ to the point A’ in thecomparutive motion at the moment
t 4+ At. Forming the derivative of (I), we obtain



[§3] Variation with the variation of time 523
d e d(4t) ]
G (4%) = Dett + 49) (1 + qt—)—x (0,

x+(t + At) = [d(ﬁtx) + x'(t)] / (1 + ﬂg’;—)).

Subtracting z*(¢) from both sides, we g‘et after some easy transforma-
tions

whence

x(t + At) — 2 (t) = %”—)- @ (t) g%'tt—) + &, (4)
where
(A1) d(de) A4\ | d(4¢)
€=0"gp :—(Tt““’mv)/(”—af)f ®

Therefore, if Az, At, and their derivatives, tend to zero uniformly,
then 7 tends to zero uniformly. Consequently R is “infinitesimal” in
comparison with |d(dx) [ d¢| + |d(4¢) [ dt|.

Let
. d(d4x) _d(4e)
Az = T " a (1I)
Therefore by (4)
x(t 4 At) — 2 (t) = Az + «. (6)

The left side of equality (6) denotes the increment of the velocity of
the points 4 and 4’, i. e. the increment of the velocity when we pass from
the point 4 at the moment # in the given motion to the point A’ at the
moment ¢+ At in the comparative motion. Consequently Ax represents this
increment approximately, with.a difference which is “infinitesimal”
as compared with the sum |d(dw) / di| + |d(4¢) / dt|.

Let us note that by (6) we have in general

o d(4=) ,
Az =+ TR (IT)

Let the function
T = F(z, x, t) (7)

be given.

Let us denote by 7' the value of the function (7) in a given motion
at the moment ¢, and by T the value of this function in a comparative
motion at the moment ¢ 4 At. Consequently the difference of these
values is

T—T = F(x(t 4 At), x(t + At), ¢t + At) — F(a(t), z-(t),1).  (8)
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From Taylor’s formula we obtain
or
T— T = o (x(t + 4t)—a (1))
oT 9)

o (el + A) — () + B A+ R,

where the remainder R is an “infinitesimal’ of higher order than the
increments x(t - At) — x(t), x*(t 4 At) — 2°(t) and AL
In virtue of (I), (6), and (9), we obtain

or :
T—T = A +a Az +atAt+R (10)

where

R —R—[—aaT

and hence where R’ is “infinitesintal” as compared with

|da| -+ |4t} + |d(da) | dt] + |d(48) | . (11)
Let us put
ol
AT aA—[—a Ax +8t (I11)

By (10) we have T— 1T = AT + R’; consequently A7 denotes
approximately the increment of the function 7" when we pass from the
point 4 at the moment ¢ in the given motion to the point 4’ at the moment
t +- At in the comparative motion, where the error committed is ““infini-
tesimal” as compared with (11).

The expression AT is called the variation together with the variation
of time of the function 7 for the motion x = z(t), and the function At is
called the variation of time.

In virtue of (I), p. 505, and (5), p. 504, we shall have Az = dx for
At =0, and by (II) and (I), p. 505, Az = dx. From (I1I) we therefore get

o1 oT
AT = P oz - py d
ioe. AT = 67
Hence, when 4t = 0, the variation together with the variation of
time becomes an ordinary variation.

Example. Form the variation together with the variation of time
for the function
T = Jma? 4 aat,

where « and m are constants.
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We have

: AT = «t Ax + ma- Az + ax 44,
hence by (II)

_ .d(4z) 2 4(4)
AT = at Ax -+ mzx a& Lk xx At — ma P T

Systems of points. Let the motion of a system of » material points
be defined by the functions:
= 2l), Y =yul), 2= 2(l), Gt <ty i=1,2,.., n) (12)
and let the function
T=F,...,2,%,...,2,1) (13)
be given.
Let us consider an arbitrary comparative motion
X;=X{t), Yi=Yilt), Zs=z,(t), (o <t <t 6=1,2,...,n). (14)
Let 4t be an arbitrary function of the time ¢, continuous with its first
and second derivatives in the interval (t,, ¢,> and satisfying the condition
St A<t (=t t) (15)
Let us put:

A= x40 — 20, By =yl + )y, gy
Az; = z,(t + At) — z4(2), '

Ay A2z 2 448 dy; — U4y id(At) )
dz dt dt dt
d(dz,) . d(4y) V)

Az = 227 4D
dt d&t

The expressions Ax;, Ay,, Az,, denote the increments of the coordin-
ates, and dx;, Ady;, Az;, the approximate increments of the derivatives of
these coordinates when we pass from the position of the system at the mo-
ment ¢ in the given motion to the position of the system at the moment
t+ 4t in the comparative motion. The error made by this approximation

is “infinitesimal’ as compared with

P@@ d(4y,)

|+ a

+ ...+

d(4z,)
de

d(4t)
+

Let us denote by 7' the value of the function (13) in the given motion
at the moment ¢, and by 7 its value at the moment ¢ + A¢ in the
comparative motion. Putting
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AT — Z(BTA A+ ,+3Az,)+

0
+ Z( Ax; + Ay,—i-éz—ézlz;)—l—ﬁélt (VI)
and proceeding as before, we obtain
T—7T = AT 4+ R, (17)
where R is “infinitesimal” as compared with the sum
S (da; (dys (42
3 (1 + 1y 4 1) 4 [2de0 || dca )
At
+ ad | S0 (18)

The expression AT is called the variation together with the variation of
time of the function T for the motion (12) of a system of points.

The variation AT therefore represents approximately the increment
of the function 7' when we pass from the position of the system at the
moment ¢ in a given motion to the position of a system at the moment
t + At in a comparative motion, where the difference between the true
increment and AT is “infinitesimal” as compared with (18).

In virtue of (IV), (V), (5), p. 504, and (I), p. 505, we get for At = 0:

Az, = bx;, Ay; = Oy, Adz; = oz, Ax; = Ox;, Ay; = by;, Az; = dz;,
whence by (VI) AT = 4T.

Hence, when A¢ = 0, the variation together with the variation of
time becomes an ordinary variation.

Variation together with the variation of time of an integral. Lot the
integral

ty
I=[Tadt (19)
to

be given, where T' denotes the function (13). Let us denote by 4ty and A¢,
the values of the function 4t at ¢, and ¢,.

Let I be the value of the integral (19) for a given motion, and [ the
value of this integral for a comparative motion taken between the
limits £, 4 Aty and &, + Aiy, i. e.

¢
t+ A4t

1= [T, dt, (20)
to+diy
where 7', denotes the value of the function 7 at the moment ¢ in the

comparative motion. Substituting ¢ + At for ¢ in (20), we obtain
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l_f (1 +d(At)) (21)

where T denotes the value Of the function 7" at the moment ¢ 4 4¢ in the
comparative motion.
By (19) and (21) we obtain

l—I:f[(T—T) + Td(—é't"l]dt,

whence by (17) after some easy transformations

I—I—f[AT+T (At)]dt—{—R’ (22)
where

R :f[(AT +R) Q(HA;)« + R] dt. (33)

It is easy to verify that R’ is ““infinitesimal” in comparison with (18).

Let us put y ‘
AI:Adet:f[AT—}—Tg((f—tt)]dt. (VII)
o to

~ The expression Al is called the variation together with the variation
of time of the integral I.
By (22) and (VII) we have

| —I=A4I + R (24)

Al therefore represents approximately the increment of the integral (19)
when we. pass from the given motion to the comparative motion; we
calculate the integral between the limits ¢, + A¢,, t;, + A¢, in the compara-
tive motion. The difference between AI and the true increment is *“infini-
tesimal” in comparison with (18).

In the case when At = 0, the variation together with the variation
of time becomes —- as it is easily seen — an ordinary variation.

§ 4. Maupertuis’ principle (of least action). Hélder’s transformation.

Let a system of material points 4,(zy, y5, 2), - .., A (T, Y, 22), Of masses
my, ..., M,, be subjected to the action of the forces Py, ..., P,, depending
on Zy, ..., 2y, &4, ..., 2, t. Therefore

Piw = F'i'(xl: ceey By xi) ey z;p t)) Piv = ¢1’: Piz = Tﬂ (1)
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Let us assume that the system is holonomic without friction and
that the constraints are bilateral.

Let us consider an arbitrary motion of the system compatible with
the constraints or not, defined by the functions:

Ty =), i =yil), 2o =2,() (=t <t 1=12...,n). (2
The kinetic energy is

B = 5map + y2 + 2. (3)
=1

Let us form the variation of the kinetic energy together with the
variation of time for the motion (2):

AE = Zmix; Aw; + y; Ay; + 2; 4%). (4)
i=1
Expressing Ax;, dy;, 4z;, by means of formulae (V), p. 525, we get

T R NI R 220) LICT)

AE == s — ” —_—
;an ! [m i T R Tl et T C

Transposing the last term to the left and integrating, we obtain

|21

f[AE + 289 (é“)] dt =

0

4 Az,
_ "Rzlm l:.’,l" )+ Y; (dtyz) + 2 d(dtzt):i dt. (6)

Lo

Integrating by parts, we obtain
t t

fxl d_(é]_tiv_'_) =X A‘L‘z“gz —f‘rl sz dt

to ta
and similar formulae are obtained for y; and z;. Applying them to the
right side of equation (6), we get

ty

f [AE +- ZEQ((%{)J df —
(7)

to
n t, n

= ym(x; Ax; -+ y; Ay, + z; Az,) "‘»~f[2m x; Aw, -y Ay, + 2 Az)] d.

=1 ty i

Let us put

AL = 3P, Av;+ P, Ay, + P, Az). (8)

i=1
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Integrating formula (8) and adding to both sides of equation (7),
we get
b
[[A L+ AE + 2K (At)] t = >my(a; de; + y; Ay, + z; Az)|p +
i1

t

+ }l i[(Pix —mgj’) Adx; + (P, —my;) Ay + (Py, — mezi) dz] dt. (1)

t, i=1
Formula (1) is called Hoélder’s transformation.

It holds for every motion, whether compatible with the constraints
or not (on contition that the functions (1) are defined for this motion).

If we take the ordinary variation d instead of the variation 4 to-
gether with the variation of time, i. e. if we put A¢= 0, then —ag it is
easily seen — we obtain formula (20), p. 515.

More general form of Hamilton’s principle. Let us assume that
functions (2) define an actual motion. In addition, let us assume that the
functions Adwx;, Ay;, Az,, are virtual displacements of the system at every
moment £.

By d’Alembert’s principle the integrand on the right side of (I) is
zero. Consequently
t

f[ 'L + AR + 2E (é't)] tzimi(x;Axi +y; Ay + 2 Az,)|o.
=1

te

Let us assume that dwx;, Ay, Az;, are equal to zero at ¢t =1, and
t = t;. The right side of the last equality will therefore be zero. Hence

we obtain
t,

f[ 'L + AR + 2Ed(§”)]dt —o. (1)

fo

Bquation (I1) holds for an actual motion under the assumption that

Ax;, Ay;, Az, arevirtual displacements at every moment t and are ejual to
zero for t = t, and t = t,, while At is arbitrary.

When At = 0 the variation 4 becomes the variation 6. It is easy
to see that (IT) then assumes the form of Hamilton’s principle (I), p. 515.
Form (II) of the variational principle is therefore more general than
Hamilton’s principle. However, it does not represent a more general
property. For by (5) and (8) we can write (IT) in the form
33



530 CHAPTER XT — Variational principles of mechanies

121

J| 3w et pyay o pazg] e
fa=1

to
LT | dae) Ay )],
%fLZlm (x G T + 25— )]dt_o. (9)

Since Az;, Ay,;, Az;, are arbitrary functions representing virtual
displacements and vanishing at ¢ = ¢, and ¢ = ¢;, while A¢ does not appear
at all in formula (9), writing dx;, dy,, dz;, for Az,, Ay,, Az;, we obtain Ha-
milton’s principle from (9).

Equation (IT) is therefore equivalent to Hamilton’s principle.

Maupertuis’ principle. Equation (IT) holds for an arbitrary A¢, while
Ax;, Ay,, Az;, should only be virtual displacements at every moment ¢,
vanishing at ¢ = ¢, and ¢ = ¢,.

Let us now assume that 4x;, Ay,, 4z, and At are so chosen that they
satisfy, in addition, the condition

AL = AE. (IT1)
By (5) and (8) condition (IH) can be written in the form

Z(Pix Ax; + Pi,, Ay, + Piz Az;) =

— S, (x _(Ai)+ g 21 . AU ))_2Ed(§'tt). (10)
From (II) and (IH) we obtain

t

f[zAE+2E (At)] 0, (11)

whence by formula (VIT), p. 527,
t
A[E dt = 0. Iv)
to

Therefore: the variation together with the variation of time of the integral
of the kinetic energy is zero for an actual motion if Ax;, Ay,, Az;, are virtual
displacements at every moment, equal to zero at t = t, and t = t;, and if
condition (1II) holds (i. e. if the virtual work for the displacement
Ax,, Ay, Az, is equal to the variation together with the variation of time
of the kinetic energy).

This theorem is called Maupertuis’ principle or the principle of
the least action.
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Denoting by ds; the differential of arc along which the point m; moves, and
by v; the velocity of the point, we have ds; = v; d¢. Consequently

t1 n

21
f B dt = %zm,vlz) dt =} f Ejm,vt ds;.
to

to i= to i==1
The expression mw; is the momentum (“action’).

On the basis of (IV) it can be proved that under certain assumptions the
integral of the kinetic energy for an actual motion has the smallest value among
motions satisfying certain conditions. Hence the name principle of the least action.

Let us assume that a certain motion compatible with the constraints
satisfies Maupertuis’ principle, and, in addition, that the kinetic energy
does not vanish in {¢,, £,>:

E£0 tH=St<t). (12

Let the functions Adx;, Ay, Az; at every moment ¢ be virtual
displacements, equal to zero at ¢ = ¢, and ¢ = ¢, and arbitrary in other
respects. Let usechoose At so that equality (III), or — which amounts
to the same thing — equation (10), holds. In virtue of (12) and (10) we
can assume

ty
(1% (.ddz) . ddy) ., . d(dz,)
At—f2E|:i§mz(x1*t + [ di +zz di )_“
tﬂ

— 3P, deit- Py, Ay o+ P ) (13)
=1

Formula (IV) holds for Ax;, Ay;, 4z, 4t chosen in the above way,
and consequently (11) also holds. By (I1I) and (11)

2

f[zAE 4 2Ed(§lt)]dt f[A’L + ( 'L+ 2Ed(§’tt) )] dt = o,

o )

whence by (10) we obtain formula (9), in which Az, Ay,, Az,, satisty the
same conditions as dx,, dy,, dz,, in Hamilton’s principle. Since, as we have
proved (p. 529), (9) is equivalent to Hamilton’s principle, the given motion
is an actual motion. Hence we see that among these motions compatible
with the constraints for which £ = 0, only actual motions satisfy Mau-
pertuis’ principle.

Therefore: Maupertuis® principle represents o characteristic property
of those actual motions for which E == 0.

Let us assume that a motion takes place in a potential field having
a potential V. Consequently:
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oV | ox; = Pim’ oV | oy; = Piy, oV | 0z; = Piz,

AL = i(P% Az, + P; Ay, + P, Az;) =
=1

< [8V oV oV
=i=Zl (B_x, Az, + e Ay + R Azi)'

Since V is a function of the coordinates x;, y,, #;, only, it follows
that A’L = AV, and hence condition (III) can be written in the form
AV = AE; consequently

AE —V)=0. (111%)

Remark 1. The assumption == 0 is essential; this means that if a
motion compatible with the constraints satisfies Maupertuis’ principle
but not the condition E = 0, then the motion need not be an actual
motion.

For example, let some scleronomic system be given. Let us consider
a motion in which the system is at rest from £, to ¢, in a certain position
compatible with the constraints. Therefore we have E = 0 constantly,
whence by (4) 4E = 0 constantly also. It follows from this that formula
(11), and consequently formula (IV), will be satisfied for arbitrary Ax,,
Ayy, Az;, At, and in particular, therefore, also for all those which satisfy
formula (III), or — which amounts to the same thing — formula (10).
Thus the given motion satisfies Maupertuis’ principle. However, it is ob-
vious that for a suitable choice of forces, rest is impossible, i. e. rest is not
an actual motion.

Remark 2. If the variation together with the variation of time were
replaced in Maupertuis’ principle by an ordinary variation, i. e. if we
assumed that A¢ = 0, writing d for A, then formulae (1IT) and (IV) would
assume the forms:

0'L = 0K, (14)

ty L
O[E dt = 0, whence [JE dt = 0. (15)
to to

Therefore: for an actual motion formula (15) holds under the as-
sumption that dx;, dy;, 6z, are virtual displacements at every moment,
equal to zero at ¢ = ty,and ¢ = ¢,, and satisfying condition (14).

The principle expressed in this manner, however, would not represent
the characteristic properties of actual motions. For assuming e. g. that no
forces act on a system, we should have 6’L = 0. Consequently condition
(14) would assume the form 6 = 0 and hence it would imply formula (15)
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for every motion compatible with the constraints. Therefore in this case
every motion compatible with the constraints, and not only an actual
motion, would satisfy formula (15), i.e. Maupertuis’ principle, in which
the variation 4 is replaced by the ordinary variation §.

We see from this that in Maupertuis’ principle it is also essential
that we form the variation together with the variation of time.

Remark 3. For a motion given in generalized coordinates it can be
proved that in holonomo-scleronomic systems Maupertuis® principle tn the
form (IV) holds under the assumption that the energy E is also expressed in
generalized coordinates, and the variations Aq; are virtual displacements
equal to zero for t =ty and t = t, and satisfying condition (III), in which
A'L = 2Q; Ag; (i. e. expressed in terms of the generalized forces @;).

Formula (IV) does not hold for rheonomic systems and generalized
coordinates, and for them Maupertuis’ principle is given in another form.



