On measures in independent fields*

Edited by S. Hartman

Among the papers left by Banach was found the incomplete Polish manuseript
of this paper, written in 1940. § 1 is almost literally translated from the manuseript.
The details of farther reasonings were elaborated by 8. Hartman, who also supplied
the paper with Appendices and adapted it for print, with some help of Henry
Helson.

§1. Let T be an arbitrary space. A family R of fields () of subsets
of T'is said to be a family of independent fields if any finite number of
non-empty sets, belonging to different fields of R, has a non-empty
intersection. That is, ® is an independent family if the conditions
0 #Hied;eR® and A; #A4; for ¢ #j (i,j=1,...,n) always imply

[l H;# 0.
i==1

The family R is called a family of denumerably independent fields
if any sequence of non-empty sets, belonging to different fields of R,
has a non-empty intersection; i.e. if 0 £ H;ed;eR and A; =+ A; for
t#£j (1, =1,2,...) always imply [[ H; #0.
i=1

The concept of independence of fields of sets was introduced by
Marezewski (2), who also proved the following theorem (3):

* Commenté sur p. 363.

(*) The class 4 of subsets of a space 7T is called a field if A contains with any
set its complement and with any finite number of sets their sum. The field 4 is a Borel
field if the sum of any denumerable number of sets of A belongs to A.

(*) Cf. E. Marczewski, Indépendance d’ensembles et prolongement de mesures
(Résultats et problémes), Colloguium Mathematicum 1(1948), p. 122-132, especially
p. 125-127.

(?) Ibidem, Théoréme II, p. 126-127. For the proof of this theorem see Mar-
czewski [6].
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Let & be a family of independent fields with a measure (*) u defined in
each field AeR, and let U(K) be the smallest field containing all the fields
of R. Then a measure p* can be defined in U(K) with the following pro-
perties:

(I) w*(H) = u(H) if HeAeSR,

(II) ,u*( ]Hl) = r[ ILL*(H@) /l/f HisAiEQ, Ar #AS f07" r #£ S8 and n

i=1 i=1
a natural number not greaier than the power of K (which can be finite)(?).
Marcezewski has asked whether the following theorem is true (3):
THEOREM 1. Let & be a family of denumerably independent Borel
fields with a denumerably additive measure u defined in each field Ae8;

then a denwmerably additive measure u* can be defined in the smallest Borel
field containing all the fields of R, such that:

(1) pH) = p(H)  if HeAeS,

(2) M(HH) = [[w i) if  Hic Aie®, and A; # A; for i #j
(1,7 =1,2,...).

The object of this paper is to answer the question affirmatively.

Theorem 1 was proved by Marczewski in the special case that every
field AR contains just four sets (*), viz. a set H, its complement, the
empty set, and 7. Then evidently every 48 is a Borel field and any
measure u defined in A4 is denumerably additive. The theorem was enun-
ciated by P. Lévy in another special case, namely when & consists of
two fields and the measures have a special form ().

§ 2. The smallest (finitely additive) field containing all the fields
of & will be denoted, as above, by U(RK). To prove Theorem 1 it is enough

(3 A measure u in a field A is a real function x(H) > 0 defined for every set
HeA, such that p(T) =1 and wp(H,+H,) = u(H,)+u(H,) for any disjoint H,,
[ee] [ee]

H,eA. The measure is denumerably additive if ,u(Z’ H;) = ¥ u(Hy) for disjoint
i=1 i=1,
H,,Hy,...cA.

(?) Fields A; for which condition (II) holds are said to be stochastically inde-
pendent with respect to the measure u*.

(3) loco cit.2, Théoreme II, especially p. 127.

() Cf. E. Marczewski (Szpilrajn), Ensembles indépendanis et mesures non
séparables, Comptes rendus de ’Acad. des Sc. Paris 207 (1938), p. 768-770, especially
Théoréme II, p. 769, and E. Marczewski, Ensembles indépendants et leurs applica-
tions & la théorie de la mesure, Fundamenta Mathematicae 35 (1948), p. 13-28, especially
II Théoréme fondamental, p. 25.

(%) See the book of P. Lévy, Théorie de Uaddition des variables aléatoires, Paris
1937, p. 126 and 132.



On measures in independent fields 277

to define a measure u* in U(K) satisfying (1), (2) and the following con-
dition:

3) If Hie UR) (i = 1,2,...) are disjoint and if > H;eU(K), then
i1

u* | f ) = N (1)
i=1 =1

For then it is known that x* can be extended to a denumerably addi-
tive measure on the smallest Borel field over U(R), i.e. the smallest Borel
field containing all the fields of K.

Moreover, (3) can be replaced by the equivalent condition:

(4)  If HieU(R), Hy> Hiy (i=1,2,...) and limp*(H;) >0, then

1=>00
]JIH £ 0.

Let F[U(R)] be the family of all real functions defined for teT,
assuming only a finite number of values, each value being assumed on
a set belonging to U(K). Bvery function y«F[U(K)] can be written in
the following form (see Appendix I):

(5) y0) = Ylan, i, | [ 2,0).

Here the z;;(f) are the characteristic functions of non-empty sets
Zj,, which belong to different fields 4;e K for different j, and which are
disjoint in %k for any field j. That is:

()  Zsj # 0,
(8) ijsA,-eK, A; # A; for i@ #£ 3§,
v) ZmZy=0,for k #land j=1,2,...,m.

The coefficients ay,_j, are real nmumbers, and the summation is
extended over all systems k, ... k,, which satisfy the conditions 1 < k; < »;
(j=1,..., m). ’

§ 3. Uniformization. Let y, and y, be two (not necessarily different)
functions from F[U(K)]. They are said to be uniformized when they
are written

(6) (@) = Yaf) w [ om0,
j=1

(7) yo(t) = Do) x,, [ [ om0,
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where the z;;(f) are the characteristic functions of sets Z;; which satisfy
conditions («)-(v). The summations in (6) and (7) are extended over the
same systems of indices ky ...k, (1 < k; <#;). Thus the right sides of
(6) and (7) can differ only in the coefficients ay,  x,,-

Refinement. T.et y be a function given in the form (5), and let
B, B,,...,B, (p >m) be distinct fields of K, among which occur
the A;. For each j suppose s; non-empty disjoint sets U;eB; are
given such that if B; is identical with some A;, then every Zj is the
sum of some of the Uy, and if B; is different from all the 4;, the sum
of the Uﬂ is 7.

Then (5) can be transformed (see Appendix IT, 1°) into the following:

'bl...ip

(8) y(®) = D) b, [[u® Q1 <i;<sp,

where u;;(?) is the characteristic function of U;;. We call (8) a refinement
of (b) by the sets Uy.

For two functions (not necessarily different) from F[U(K)] given
in the form (5), there always exists (see Appendix III) a system of sets
U;; by which both functions can be refined. Such a common refinement
uniformizes the functions. Hence any fwo functions of F[U(K)] can be
uniformized.

Denumerable uniformization. If g, is a sequence of functions
belonging to F[U(RK)], in general no uniformization is possible for all
¥, in the sense defined above.

However, the following representation can always be reached (see
Appendix IV):

My

(9) Y, (1) = Zag;)_._kmn”z?(-;g)(t) for w=1,2,...,

7=1

where 2% is the characteristic function of a non-empty set Zje B;eS,
with the sequence {B;} (generally infinite) containing no field more than
once. The numbering of the B; is determined simultaneously for all x.
Further, as usual, Zj.-Zj; = 0 for r s, and the summation in (9) is
taken over all systems k; ...k, such that 1 <#k; < 7. In general, the
sequence m,, is unbounded as n increases. The sequence y,, given in the
form (9), is said to be denumerably uwiformized.

§ 4. LeMmmA 1. Let two uniformized functions y, and y, of F[U(K)]
be given:

yi(t) = Yo o [Tem s va() = X a@ a, [ [2m(0).
j=1 i=1
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1f for every t we have y,(t) = y,(1) or y,(2) = y,(t), then for every set

of indices we have aff) p = af) x or af) r > af) i respectively.

Proof. If we set af) i —af x = a5, , then

m
Zakll_.km”zjkj(t) =0 or >0, resp., for all ¢.
j=1

From conditions («) and (8) and from the independence of the fields
of & if follows that for every system of indices o, ..., o, there is a teT

m
for which [] 2jo; (1) = 1.
i=1

m
From (y), szky,(t) = 0 for the same ¢ and any other system %, ... &,,.
§=1
So for this ¢,

m
Z “kl--.kml I 2wy (1) = @y o,
j=1

and a, . = 0 or > 0, according as y,(f) = y,(?) or y,(t) > y,() for all 7.
Since the set oy ... 0, Was arbitrary, the lemma is proved.

Remark. Only the finite independence of the fields of & was used
in the proof; their denumerable independence will be used later.

LEMMA 2. If y(t) = 0, or = 0, or << 0 for all 1, then for every sysiem
of indices, ax,. x, =0, or = 0, or <0 respectively.

This is an immediate consequence of Lemma 1.

§ 5. We now introduce three operations on the functions y < F[U(K)],
called integration, contraction and separation.

Integration. If y is given by (5), write formally

m
Jy@at = Zakl...km ”Mij].-
T j=]_

We show that the integral does not depend on the particular repre-
sentation of y (always, of course, of the same type as (5)). Indeed, suppose

(10) y(0) = > biy., [ [ o (1),

where the ’vﬂc(t) are the characteristic functions of sets V;,. Let U be
a system of sets which refines both representations, yielding

q aq
y(@) = Mol s [ Jum,  wty= Y@ & [[un
j=1 i=1
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respectively, where u;; is the characteristic function of Uj;;. By Lemma 1,

c%f...kq = c%l).'_kq for every set of indices; by Appendix II, 2° (*) the integral

is not changed by refinement. That is,

m aq
Z akl...kmn M(Zy’kj) = Z Ogcll)...ckq ”M( Uy‘kj)

j=1 7=1

q

D .
= 2 C%f...lcqnﬂ( Ujr,) = Zbkl...kp nﬂ(vikj)a
j L1

J=1

which establishes the invariance of the definition.

Let y; and y, be functions from F[U(RK)], with uniformized repre-
sentations 4

1 (0) = X af) w, [T ®,  wa() = Y a@ o, [Tu, ).
j=1 j=1

It is immediate that

(11) [ O+y.0)de = [y,at+ [y,
T T T
(12) [ayyit = a [y@ar
r r

for any number 4. By Lemma 2,

(13) fy(t)dt >0 it y(@) =0 for all ¢.
T

Denote by F(A) the subset of F[U(RK)] composed of all functions
which assume each of their values in a set belonging to AR, and let
y(t)eF(A). The representation (5) becomes then

y(t) = > (),
k=1

and the corresponding integral is Dagu(Z;); this integral is identical
k=1

with that in customary sense engendered by the measure u. Hence follows

(14) fldtzy(T) =1,
T

the funection y(?) = ¢ being contained in all sets #(A).

(*) Only finite additivity of the measure p is assumed there. Denumerable
additivity will be required later.
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From (11) and (13) it follows that

(15) it g, (1) > y,(t) for all t, then [y, (t)di > [y,(1)de.
T T

Tinally suppose Ue AR, VeBeR, and let u, v be the characteristic
functions of U, V resp. By the definition of the integral,

(16) Jut) vt = u(0)-u(V).
T

m
Contraction. Given y(t) = Mgz, [] %y (1), define:
j=1

(17) W, t) = Y o) | [ 020y, i m =2,
j=2
(18) Wy, t) =y(@) if m=1.

We call (17) the coniraction of y with respect to the field 4,. The
result of the operation evidently depends on the choice of 4,; however,
a proof entirely analogous to that given for integration and in Appendix
II shows that W (y, 1) is not changed by refinement of y, and it follows
that the definition does not depend on the representation of y, once A,
has been fixed. Exactly as for the integral one proves that contraction
by a given field is a linear operation, and that if y(¢) = 0 for all 7, the same
is true of Wi(y, ). Hence

(19) if y,(t) = y.(¢) for all ¢, then W(y,, ) = W(y,, ) for all i,
where contraction is performed with respect to the same field.

Separation. Again suppose y(i) = Z“kl-..km ﬁ zjkj(t). For any
t,eT define .

(20) By, 11, 0) = ) iyt 2y (1) [ [ 2,0

We ecall this operation separation performed at ¢, with respect to the
field A4,. Again it is easy to show that S(y, ¢,, t) depends only on ¥, ?;,?
and A,, and not on the representation of y once A, has been fixed. For
fixed t; and A,, separation is a linear operation; and if y is non-negative,
go is S(y, t,,t). Hence

(21) if ¥, () = y.(?) for all t, then S8(y.,t:,1) = 8y, &y, 1) for all 4,4,

where separation is performed with respect to the same field.
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LevMA 3. If y is of the form (5), then

[St,0dt =W, ) ad  [Wynda= [yoa.
T T T

These relations are evident on writing out the integrals explicitly.

§ 6. Measure. Let ¥ belong to U(R), with characteristic function 9.
Define

(22) W) = [y,
T

It follows from (11) and (13) that x4* is a (finitely additive) measure,
and by the definition of the integral we have u*(H) = u(E) for He A K.
By (16) the fields A <R are stochastically independent with respect to p*.
So u* satisties the conditions of the theorem of Marczewski. Since only
the hypotheses of that theorem have been used, we have proved it on
the way to the main result.

§ . Lemma 4. Let y be of form (5), a a real number, and Big eyt
points of T such that ‘

m
Y(ty ooy tu) 3z D) Oty | [2m,(1) = a.
7=1

Then there are sets H; ¢ A; (j = 1,...,m) for which

(23) tjeH;,

m
(24) y() =a  for all  te[]H,
j=1

3

Proof. First assume that f;¢ }'Z;; for each j; that is, there are indices
k=1

O1y + -y Oy for which ¢ €Zjy,- Liet H; = Zjo;. Evidently H;e A;, so it remains
to prove (24). Notice that k; + ¢; implies ¢ij7., or 2 () =0, so

Yty ooy tn) = @55, ; hence a, , =>a. Now if te HHj, we have also
y(t) = . 5, = a. . ~

Now suppose tj¢k27;Z7-k for at least one j, say for j =s,,..., 84
(1 <p <m). For each such j, z;(t;) = 0(k =1, ..., 75), SO that‘ﬁ %1 (1)
= 0 for any indices k..., k,. Hence Y (i, "'}.tm) =0 and a 210. Set
H; = T—k}szk for j = 84,...,8y, and H; = kj’lZ,-k for other j. Then
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tieH;e A;. If te ]—]Hy-, then t¢Z;, (k =1, ...,r;) for at least one j (since

p >1), from which nzﬂc = ( for any choice of the k;. Hence y(t)
0 > a, and (24) holds

LEyva 5. Let y,(1) = Yai) & Hz )(t) be a sequence of denume-

rably uniformized functions from F [U( )1; suppose there is a finite or
infinite sequence 1y, t,, ... of elements of T, such that for each n

Yoty oo st ) = a.

Then there ts some 9T for which y,(9) >a (n =1,2,...).

Proof. By Lemma 4, for each n there are sets Hj eAd; (j =1, ..., my)
with the properties:

tie HY for §=1,..., my,,

Yo(t) = a  for te”H?.

For j >m, set Hf =T and define W; = [[ H}. Each W; is non

=1
empty, since #;e¢ W;; and because the Aef® are Borel fields (the first
use of this hypothesis), W;e¢ 4;. Now set H = H W;. This intersection

j=
is non-empty, because the A& are denumerably 1ndependent (this is the

My,

only use of the hypothesis in the proof!). But if 9eH, then d¢ [JH} and
j=1

Yn(P) = @ for all n. So the lemma is proved.

§ 8. Proof of Theorem 1. It only remains to prove that p* satisfies
condition (4). Suppose

H,eU(K), H,> H,,.,, p*H)>a>0, n=12,..

Let y, be the characteristic funetion of H,. Then y,<F[U(K)],
fyn t)dt = a, and for all ¢

(25) Yn() Z Ynia(t)  (n=1,2,...).

We take the y, denumerably uniformized:

My,

= D af} 1, [] )(0).
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Then
(26) Mppy 2Z My (m=1,2,...).

By (19), for all ¢
(27) Wy 1) 2 W(niy t)  (n=1,2,...),
and by Lemma 3

(28) [Wymtdt=a (n=1,2,..).
r

Now every W (y,, t) belongs to F(A,). But u*isin A4, a denumerably
additive measure (this is the first use of the hypothesis), and the integral
of y,(t) over T' (in the sense given p. 279) is an integral generated by u®
in the Lebesgue sense. Hence, applying (28)

)

(29) [ 1im W (y,, )dt = lim [ Wy, )t > a.

7 f—>00 n-—)ooT
By (27) and (29) there is an element t, for which
(30) W(ns t) =20 (n =1, 2,...).

Now set y,,(t) = 8(¥n, t,, t). These functions are already denume-

rably uniformized. By (21), Yna(t) = Yn,11(8) for all £; by (30) and
Lemma 3

[vuayat =a (n=1,2,...).
T

So the y,, are like the y,, and there is 2 ¢, for which
W(¥nasts) =0 (n=1,2,..),

where contraction is performed with respect to A,. Setting y, ,(¢)
= 8(Yn1, ts, t), we have Yn2(t) = Ynp1.(t) for all ¢ and

fyn,z(t)dt>a (n =1, 2,...).
T

This procedure can be repeated indefinitely by setting

Ynkia () = S(?/n,m tk+la t).
It m, =1 for some n (or several, or infinitely many n), say for »
such that p <<n < r, we have for these n after the (I—1)™ step

-1
(31) Ynaa(t) = Y ald <o) [ 4.

i=1
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The functions ¥,; , with p <n <r each belongs to F(4;). Con-
traction with respect to 4; leaves by (18) the y,; ; invariant. Having
fixed I, the W(y,;_1,?) is a non-increasing sequence in the index =,
and for every =

[ W (Yngers ) = a.

7
Tt follows that there is a ¢; such that
Wns 1) =0 (n=12,...)
and in particular
(32) Yng—1(l) =a for p<n<r.

For these values of n, however, the left side of (32) is by (31), on
one hand, the function ¥, () = S(¥n1—1, &, t), Which is a constant, and,
on the other hand, identical with Y,(t1, ..., tn,,)-

In case m, = ! for all » > p, the process is finished; otherwise con-
tinue with those y,;(¢) for which m, > 1, in other words, for which »n > 7.
Finally, a (possibly finite) sequence of elements ¢, Z5, ... is at hand, which
with the ¥, satisfy the hypothesis of Lemma 5.

So there is a 9T for which ¥, (9) = a (n =1,2,...). Since a >0
and the y, are characteristic functions, ¥,(¢) =1, so that JeH,
(n=1,2,...).

(o)

Hence [] H, # 0, (4) is shown, and Theorem 1 is proved.

n=1

APPENDIX 1

Representation of functions

Let H, (v =1,...,p) be sets belonging to U(K). For every »

(1) m, = > []6
i=1 j==1

where each set G% belongs to a field AjeR, with A}, # Aj if r +s.
Renumber the fields A} in simple order: A4,,..., Ay, where distinet
indices belong to distinct fields. In each intersection of (1) write the
factors G% in the order of the indices of the fields to which they belong,
supplying a 7 as the #** factor if no G belongs to 4, (v =1, ..., m). By
the independence of the fields, no set except 0 and 7' can belong to more
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than one field, so this rearrangement can be carried out without ambi-
guity. By renoming the reordered factors we have a representation

™ m
(2) o, = > [y,
T=1 7=1
where Hie A;eR (A, # A, for » = s).
Now for each j pub the sets Hj; in a simple series Hy (K =1, ..., s;;
H;, + Hy for k +#1). For each j and every system o, ... Ts; composed
of zeros and ones, form the produect

S5

[ (—1)ycHy,

k=1

where —H;;, means 7' — Hy,.

Suppose r; of these intersections are non-void; eall them Z; (k =1,
ooy ¥5). Evidently Zye A;, Zy-Zy; =0 for k #1, and every Hy is the
sum of some of the sets Z;,..., Z;.. So there are numbers f; (each 0
or 1) such that

e

3

Hy = Z Bl

k=1

Setting this in (2) we obtain

LY m
Hv = 2; [/S'Zlkl 'ﬂkangjk,-L

where the outer summation is taken over all systems &, ... bk, (1 <k <7y).
7,

Setting a1, equal to the smaller value of 1 and > Bius-.. Binky
=1
we getb

m
) o= N s ] %
j=1

The intersections in (3) are disjoint.
Let Zj, be the characteristic function of Zy, and y, the characteristic
function of H,. Then

(4) B(0) = D) iy, [ [ 2,(0)-
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Now if yeF[U(K)] assumes its values ay,...,a, on the sets
VY

H,, ..., H, respectively, y(t) = D a,y,(1), ie

v=1

m
= Zakl'-~kmnz7'k7-(t))
j=1

where the summation is taken over systems %; ...k, (1 <k; <r;), and

V4

— —1 v .
Oy by, = Oy Ol By

r=1

APPENDIX I

Refinement

1° Let the function y be given in the form

(1) y(0) = D)ty [ [ 2,0,

where each z;; is the characteristic function of a non-empty set Zje 4;e R
1 <k<r), with 4, # A, for r s s; and Zy-Zy = 0 for any j, when
B+~ ,

Let By, B,, ..., B, ..., B, be distinct fields of &, such that B; = A,
for 1 < m. Suppose further We are given sets Uj« B , non-empty, d1s301nt
in ¢ for fixed j, and such that for j <m

(2) Zix = Zﬁjm U;;  (each Py being either 0 or 1),
=1
and for j > m
8
(3) T= Y pnUn (each B =1).
=1
If u;; is the characteristic function of Uy,

7
(4) Zﬂa‘ki“ﬁ(t) = &x(t) when j<m,
=1

(5) N Buaup(t) =1 for all ¢,  when j>m.
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Write unit factors in each product of (1) so the index j runs from 1
to p, and then substitute formulas (4) and (5) for the functions 2, and
for the unit factors respectively. Then we have

(6) y(t) = Z“kl...kmn Zﬂjkji%ﬁ(t)

i=1 i=1
D

= Z“kl...kaﬂlklil'“- '5pkp'épnujij(t)7

J=1

where the inner summation is taken over all sets 4;...¢, such that
1 <i; <s; for each j, and the outer summation as before over sets
kyy ...y by such that 1 < k; <7;. Changing the order of summation and
writing

(7) by,..i, = Z Wiy By Brtesy * oo+ Poyiy »

Ky,

we have

»
y0) = D iy, [ [ (0.

ity

This representation is a refinement of (1) by the sets Uj;.
2° We show that

e

»
(8) Z“kl...kmn wZiy) = Zbil...iplzlu( Usi;) -
j=1 Fa=
Indeed, from (2)
(9) pZj) = Zﬂikm(Uﬁ) for j <m,
and from (3)
5
(10) 1= Bun(Us) for j=>m.
=1
By the same algebraic procedure as before, i.e. by writing p—m

unit factors in each product on the left side of (8), and by substituting
(9) and (10), we obtain

o
2 “kl...km251k1i1 ‘/?’pkpiplj p(Uji) s

where the sums are as in (6). By changing the order of summation and
using (7) the right side of (8) appears.
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APPENDIX 1Nl

Common refinement

Let functions y, and y, of F[U(K)] be given, not necessarily distinet:

(1) y@zjﬁﬂwﬂm
(2) Y1) = Zﬁk[]

Here the ;) are characteristic functions of sets Zi (v =1, 2;
J=1, 0 m; k=1,...,79), such that Zj #0, ZjecAleR (A2 = A;
for » 95 s), and Z,- st = 0 if # # s. There may or may not be fields A}
identical with fields 4}. But form a series B, .. , B, out of the A and
the A} which includes each field just once, and for each of the B;, re-
number in a series Z; (s =1, ..., ¢;) all the sets Z; such that 4’ = B;.
As in Appendix I form all the intersections

[} .
(3) [[(—1)2,,
§=1

where the o, assume the values 0,1; and number the non-void inter-
sections Uy, ..., Ujs;- Evidently for each j, UpeB; and Uy Uy = 0
if ¢ # k; each set Zj; belonging to B; is the sum of some of the U;;, and
. for fixed j the sum of the Uy is 7. Thus the sets U,; yield a common re-
finement of (1) and (2).

APPENDIX 1V
Denumerable uniformization

Let a sequence of functions from F [U(.@)] be given:

(1) mm=2mu[hw

where u)(t) is the characteristic function of a non-empty set
Uie Af7eR  for n=1,2,..50=1,...,p, i=1,...,s".

It r s, A7 # A and Uy, Ujs = 0. We shall transform (1) by induction
80 a8 to obtain a representation of the following kind:

My
(2) 2“’ mﬂgzyky-(t)a
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where 20 (t) is the characteristic function of a set Zj # 0, Zjc B;jc&
for m=1,2,...; j=1,...,my; i =1,...,7; if r #£s, B, # B, and
Z3.Zj, = 0. Here the sequence {B;} does not involve the index «.

Assume that ¥, ..., ¥ are already expressed in the form (2), with
the fields By, ..., By, , and the sets Zj;e B, determined (I=1,...,n—1;
=1y ey gy k=1, .., 7).

1° If a field A7 is identical with By, for some b < m,,_,, set Uy = Zy,
and aeccordingly

ufd (1) = 24 (1), s =10
2° If there are fields A7 which are not among the B; (1 = 1, ..., My,_4),
denote them by B, ,.1,-..s Bu,, and write correspondingly:
e = Zimp_yw1ks ooy Dy
wiD (1) = 25 an(t), o 2kt (1 <k <),

R LD S

3° If some B; (j < m,_;) does not occur among the A7, set
Zh =T, &P@) =1 forallt and +¥ =1.

By this procedure each product

Py,
(3) [«

of (1) is transformed into a product

My,

(4) []42),

j=1
which. differs from (3) only in the order of the factors and the presence

of certain unit factors. Bearing in mind that 7{” = 1 for the j considered
in 3°, each bg’;)_.ip can be rewritten aff) , , and ¥, has been reduced to
n

oy By,
form (2).




